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A. INTRODUCTION :

As we know if a body is perfectly spherical in shape, then according to
Newtonian Gravity, there is no net external torque acting on it due to other
external objects. So the angular momentum of the perfectly spherical body
is conserved.

But if we handle this problem under the ‘General Theory of Relativity’, then
we will see that though the body is a perfectly spherical one, even then
there is a net external torque exerted on it due to other external objects!

To discuss these I will consider two astronomical examples: one is
‘Precession of the Equinoxes’ and the other one ‘Pulsars in a binary system’.

1. As we know the distance between the earth and sun is ~ 15x10° km, which is
comparatively very large, so to discuss the effect due to the sun, we can treat
this problem under Newtonian Gravity and also for the effect because of the
moon, again this can be handled under Newtonian Gravity as the moon is not
a very massive one.

Due to spinning @ of the earth on its own axis, the shape of the earth is not
perfectly spherical but a closely approximated oblate spheroid. This means that
there is a bulging portion near the equatorial region of the earth and it can be
shown that the difference between the equatorial radius and polar radius is
approximately 11.12 km.

Due to this deviation in shape from perfectly spherical and also as the earth’s
axis of rotation is inclined at an angle ~66°33" with respect to the plane of the
ecliptic (orbital plane of the earth), therefore the gravitational force of the sun
gives rise to a net external torque. This torque causes the spin axis to precess
about the normal of the ecliptic. This astronomical phenomenon is known as the
‘Precessions of the Equinoxes’.

During one half of the earth’s orbital period, the part of the bulge above the
ecliptic (A) is nearer to the sun than the lower part (B). The mass at A is
therefore attracted more strongly by the sun than that of mass at B. So the
equatorial bulge of the earth experiences a couple that acts perpendicular to the

@ Actually “Spin’ is purely a relativistic quantum mechanical concept. It is an intrinsic property of a
particle. This is totally different from our classical orbital angular momentum concept. There is no
classical analog of “Spin’. Spinning of earth respect to its own axis is actually orbital angular
momentum of constituent point particles respect to its axis.
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plane formed by the earth’s axis of rotation and the normal to the plane of the
ecliptic[counter clockwise torque on the earth, out of the plane of the figure]

(figl).

SUN

Six months later when the earth is on the other side of the sun, the mass at B is
attracted more strongly than that of mass at A (fig 2). However the torque has
the same direction in space as before. Midway between these extremes, the

SUN

torque is zero. The average torque is perpendicular to the spin angular
momentum and lies in the ecliptic plane. In a similar way the moon also exerts
an average torque on the earth; this torque is about twice as great as that due to
the sun. Due to these torques the spin axis of the earth does precess slowly but
steadily (about the normal to the ecliptic), keeping of course, the angle between
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the spin-axis of the earth and the plane of the ecliptic constant. The period of
this precession is approximately 26,000 years.

PRECESSION:

Equatorial bulge

Normal to the Equatorial
plane(spin axis)

Normal to the Ecliptic

EARTH

2. For the second part [ am considering pulsars in a binary system. Since
the pulsars are believed to be rapidly rotating Neutron stars, the system
can be thought of as the gravitational analog of a semi-relativistic atom
with spin. As any binary system is characterized by two objects of
comparable masses and in case of binary pulsar system, as individual
pulsar has huge mass (>1.4 Solar mass) and the distance between these
two is comparatively less, so the usual test particle assumption is not
valid and so we must have to handle this problem with proper recoil
corrections taken into account i.e. the problem should be treated under
the ‘Theory of General Relativity’ instead of Newtonian Gravity.

To treat this problem under General Relativity we can use Gupta’s
quantum theory of gravity. In this process we consider the precession
equation for the spin vector of a ‘Dirac Particle’ in the gravitational field
and then we generalize this to the macroscopic spinning objects. But there
are some serious drawbacks, which are involved in this approach. Because
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we know that the spin (intrinsic) has no classical analog, and hence any
classical limit of a quantum equation that retains the spin term has to be
carried out with great care. Now to interpret for the macroscopic object, if
we think the macroscopic object as due to a large collection of spin %
particles with a total macroscopic spin, then also it is a bit deceptive as for
such a system, the angular momentum per unit mass goes to zero in
classical limit.

But if we follow the purely classical, but non-geometrical derivation of the
interaction energy for the semi-relativistic gravitational two-body system having
arbitrary spins which is given by Prof. C.F.Cho and Prof. N. D. Hari Dass using
Schwinger’s elegant Source Theory ® approach, then we will see, though we
consider the two Pulsars in a binary system as perfectly spherical one, then
also the spin axis of individual pulsar does precess around the normal of
the orbital plane of the two pulsars passing through the center of mass of
them. Whereas according to Newtonian Gravity this should not precess at
all. The double pulsars ‘PSR J0737-3039 A/B’ consists of two Neutron stars
in a highly relativistic orbit that displays a relativistic spin precession rate
0of4.77° + 0.662 per year.

(5) ‘Source Theory' is basically a theoretical description of particle interaction unlike
geometrical viewpoint of the ‘Theory of General Relativity’ or operator approach of the
‘Quantum Field Theory’.
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B. PRECESSION OF THE EQUINOXES

As the shape of the earth is mainly responsible for this astronomical
phenomenon, so at first I want to figure out the approximated shape of the
earth.

> | SHAPE OF THE EARTH |

The surface of the earth is an equipotential surface because if it were not an
equipotential one, then there would be a component of the gravitational
force along the surface, due to which mass should flow from the higher
potential region to the lower one. But in our practical experience we never
see this phenomenon. Therefore, we can conclude the surface of the earth
must be an equipotential one (©).

Mainly [ am interested in the difference between the equatorial radius and
polar radius. Since only by this the approximate shape of the earth can be
figured out.

potential at P=potential at E P
V(P)=V(E)
= Vg(P)+V(P)=Vs(E)+V.(E)
where Vo= gravitational potential E
V.= potential corresponding to

centrifugal force
EARTH

[E= equatorial & P= polar]

(6) Gravitational force, F=-W where, V= gravitational potential

If the surface is an equipotential one, then dV =W .adr=0 ie. W is perpendicular to dr.

As dr is along the tangent plane at any point on the surface of the earth, so W ie. F is
perpendicular to the tangent plane drawn through the point on the surface.
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'where,
G =universal gravitational constant
=6.67 X 1071t Nm?kg~%(S.I)
M =mass of the earth
=598 x 10%* kg
I, =polar radius
=6.4x10°m
I. =equatorial radius

o = angular velocity of the earth respec to
its own axis

2

=——— rad/s
24x60x60

=7.727 x 1075 rad/s

r,= perpendicular distance from axis of
rotation to the pole
=0
r_ = perpendicular distance from axis of

rotation to the equator

= rE

dV Ve n
NOTE: centrifugal acceleration, ac= @°r, =——% = Ich = —a)z_f rdr, =V, =-
0

dr, :

r =perpendicular distance from the axis of rotation. So in North & South Pole V.=0 and in

Equator
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Now, let I, =r.(1-€)

=>r=-"
1-€
So, GM, _GM; o’r?
r e 2
GM; _GM¢ (-o)+ o’r’
s 2(1-¢)*
2,2
:GME zGME _ GM, SN 1+2¢)
r, r, r,
2,2
:>GME ex 2T [As e<<1,%:(1—e)72z(1+26)z1]
r 2 (1-¢)
’rs
- ~
2GM .

_ (7.727x10°)*(6.4x10°)°
T 2x6.67x10 % 5.98x10%

= |e~1.738x10°°

Now,

o =r(1-¢)

=TI ~r,1+e)

=TI, —I, el

=1 -1, =h~(1.738x107°)(6.4x10°)m
= |h~11.12x10°m =11.12km|

[as e<<1]

So, the difference between equatorial and polar radius is ~11.12 km

~11.12km

EARTH
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So, due to spinning of the earth about its own axis, the shape of the earth
becomes an approximated oblate spheroid instead of a perfectly sphere. The
difference between the equatorial and polar radius is ~11.12 km.

> |MOMENT OF INERTIAOF THE EARTH |

As we will see to calculate the precession rate we require the moment of
inertia of the earth with respect to its three principal axes, so now I want to
calculate the moment of inertia of the earth.

Exact calculation of the moment of inertia of the earth is much more
complicated due to its shape. Here what [ will do is an approximate one.

I will approximate the earth as a solid sphere having uniform mass density
with an annular ring around the equatorial region of the earth.

ANNULAR RING E h~11.12km
- .

| APPROXIMATED EARTH |

Now, let me define a right-handed Cartesian co-ordinate system for the
earth.
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So, X & Y axes are defined on the equatorial plane and Z is perpendicular to
the equatorial plane & passing through two poles.

Let,

Moment of inertia of the earth about X-axis= I,
Moment of inertia of the earth about Y-axis= I,
Moment of inertia of the earth about Z-axis= 1,

Clearly, 1, =1, and 1, =1, +1, (perpendicular axis theorem)
Now, I, =1,=moment of inertia of a solid sphere having radius Rgabout an

axis passing through its centre + moment of inertia of an annular ring about
an axis passing through its centre & lying in its plane.

I,= moment of inertia of a solid sphere having radius Rgabout an axis

passing through its centre + moment of inertia of an annular ring about an
axis passing through its centre & lying perpendicular to its plane.
[RE ~ 6.4 x10° m]

a. MOMENT OF INERTIA OF A SOLID SPHERE :

Z
A dl’
dg ™
rdé@ ! rsindd¢
0 Lo
o v
b\
:Arsin9d¢

SPHERICAL POLARCOORDINATE| | fig 8|
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Infinitesimal volume element, dz = r?sindddgdr

For a sphere IX(S) = IY(S) = IZ(S) [here superscript (s) denotes perfect sphere]

|Z<S>=m(x2 +y2)dM

= M(rz sin® @cos® ¢+ r? sin” @sin’ ¢) pd ¢ [p = mass density]
= Pm rsin® 6(r” sin 9d 6d ¢dr) [assuming p as constant]
Re z 27
= p_[ r“drjsin3 Hdej dg
0 0 0
5 b1
= P&X 27rx1.|-4sin3 6déo
5 45

1 r ) )
=—7pR> | (3sin & —sin 30)d &
T El( )

cos 360
3

1 .
= Eﬂ'pRE [-3cosé + K
1 5 1
=10 pR:[-3(cos 7 —cos0) + 3 (cos 3z —cos0)]

1 1
=—pRe[6+=(-2
107 PRel6+2(=2)]
ziﬂpR;E

10 3
4 2
= GARP) LR

2 2 3
=—M_R M. =—xzR
5 EE Mg 3 Ep]

2
50,1, = 1,0 = 1, = = MR;
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b. MOMENT OF INERTIA OF AN ANNULAR RING HAVING WIDTH ‘h’:

Y

h~11.12 km

fig9

According to perpendicular axis theorem, I, =1, +1, =21, =2I,

Let me consider a ring within r and '

(r+dr).

Moment of inertia of this ring about

Z axis,
di,® =r?dMm dr

=r?(c2xrdr) .
= 2zordr v

(Re +h)
1,® =270 J. ridr
RE

fig10
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= 27[0%[(RE +h)* —R.4]

1 h
=270 =R+ —)* -1
7o Rell+2-)" 1]

E

~ 27[0'%Ré[1+;—h—1] [asRL <<1]
E E
=270R.°h
~ M RZ [M; = massof theannular ring]

So,[1,%™ ~ M R.®

And [I,® =1, = TR E

Now,

M, = Mass of the annular ring having h (<< R.) = mass of the extra portion
of the earth i.e. excluding of perfect sphere

To calculate the mass of this extra portion I will approximate it by a spherical

h Z 0. g (=average width as equatorial region has width h

and polar region doesn’t have any extra width) i.e.

shell having width

figll

So, I can write
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4 h
M, = pgﬂ-[(RE +E)3 - RES]

4 h
=—72pR[(1l+—)° -1
3”/7 e L 2RE) ]

3h

-1
2R. ]

zgﬂpRE3[1+

= p2zR.’h

= 4ME 27R.’h
§7Z'RE3

3M.h
2R

3M.h
2R,

So, M, =~

Therefore,
I, =1, +1,®

z%MERE2 +M,R.?

3M.h
2R

2 3
:gMEREZ +§MEhRE

z%MEREZ +

R’

And,
=1, =19 1P

Y

2 1

ngEREZ +EMRRE2
2, 13M.h

~—MR." +

5 2 2R,

2 3

Therefore,

2 3
IZ ngEREZ +EMEhRE
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And, |I, =1, z%MEREZJr%MEhRE

NOTE: Clearly throughout the calculation 1 have assumed the earth has

uniform mass density, but actually mass density of the earth is not uniform.
So, here what I obtained is an approximate one.

> ‘ GRAVITATIONAL POTENTIAL DUE TO A NEARLY SPHERICAL BODY ‘

To calculate the rate of the ‘Precession of the Equinoxes’, a slight excursion
into potential theory is needed to find the mutual gravitational potential
energy of a mass point (representing the sun or the moon) & a non-
spherical distribution (representing the earth) of matter.

Z
A
P(x,y,z), dM
S “fa/ r
¥ A _
&” A Y

0, Centre of mass (CM)

Let me consider an arbitrary shaped body having uniform mass
distribution with mass M. Also let me consider an infinitesimal mass dM at
P(x,y,z). So,

S=XX+Yyy+1zz
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= ‘§‘ =X +y?+2?
jdlvl =M
& §§/ =CoS f

Let, Q be a point on the Y axis. So, the gravitational potential at Q due to this
mass distribution is

V= —GJ'dTM [r be the distance between P and Q]

Let, R be the distance between centre of mass (CM) & point Qand S+r=R
So, from the law of vector addition,
r’ =R’ +S?-2RS

=R>+S2-2RSS.y
=R?+S%*-2RScos S

So, r =/R? +$? — 2RS cos 8
Therefore,
dM
V=-G[—
=

dm
G

'[\/RZ +S2 — 2RS cos 3
G

f dM
R \/1+ (S —2(5)cos B

= —%de é(%)n P, (cos p3) [P. (cos B)is Legendre's Polynomial ]

=—%de —%jdlvl (%)cosﬂ—%de(%)2%(3coszﬂ—l)

—Higher order terms of (%)[—> O0asS << R]

R(x)=1 P(x) = x

] 0 on...

P.(%) =%(30052 X—X) P.(X) =%(5x3 _3y)
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oM G 36 oo G (e
= —?—?J.SCOSﬂdM —FJ.S Ccos ﬂdM +¥J.S dMm

GM G 3G . G
=_?—¥J'ScosﬂdM —ﬁjsﬂl—smz £)dM +EJ'SZdM
_GM G 36 (eopny . 36 [eoniz G (e
——T—?J.SCOSﬂdM —FJ‘S dM +ﬁjls SIn ﬂdM +EJ.S dM
_ GM G G 2 3G (22
_—?—?ISCOSﬂdM —WJ'ZS dM +WIS Sin ﬂdM

For earth, M =M_

M .
So, |V, z—GTE—%chosﬂdME —%IZSZdME +%jszsmzﬁdME

Here all these terms carry important physical significance, let me explain.

GM
-—F = is the potential of a point mass, or of a perfect sphere (equivalent

to a point mass M at its centre). It thus represents the potential due to earth
at an external point at distance R if it were a perfect sphere. It is also the
dominant term as r increases, i.e. as we go further away from the earth -in
fact, from a very large distance the earth does look like a spherical point
mass.

—%J' ScosfdM . = —% MY [Y is the Y component of the position vector

of CM respect to a chosen origin. ]

As I have chosen CM at the origin, so this term equals to zero. i.e. this
represents sum of all the moments of dM ’s about CM, which equals to zero.

—%jzsszE :»jzsszE

= J'Z(x2 +y? +2%)dM

='|'2(x12 +x5 +x5)dM ¢ [x.,X,,X, are principal axis

&as(X? +y? +2%) = (X2 + x> +x2)]
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= [0 +%2)dM + [ 067 +%7)dM + [ (° +%7)dM
=+ +1,

I, = principal moment of inertia of theearth about x, axis
Where, 1, = principal moment of inertia of the earthabout x, axis
I, = principal moment of inertia of theearthabout x, axis

4th term,
%jsz sin® AdVi.
3G ., . : .

= T jf dM [ £ is the perpendicular distance from P to 0Q]
3G . . .

= oRT loo [ 1o is moment of inertia of the body about 0Q]

GM G
SO, VN—TE—W[(|1+IZ+I3)—3|OQ]

NOTE: If the earth were a perfect sphere, then |, =1, = 1,=1,,; so the 2" term

would be zero. Thus the 2" term is the contribution to the potential from the
ellipticity of the earth.

For the earth I, =1, = 1, i.e. axis of symmetry is along X, axis.

2 3
= |2 ngEREZ—"—ZMEREh

Il

E|\/|ERE2+§|\/|EREh

I, ~

ol

Let, ], m, n be the direction cosines of the OQ axis respect to the principal
set of axes X, X,, X,. Then the moment of inertia respect to OQ axis,

log =171, +m?l, +n’l, [crossterms are absent asthese are princcipal set of axes]

=1,(1° +m*) + 1,n?
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Therefore,
(I +1;, +15) =3l
= 21, + 1, =31,(1? + m?) - 31,n?
= 1,[2-3(1% + m*)] + 1,[1-3n°]
=1,[2-3@1-n*)]+ 1,[1-3n] [using I + m? +n* =1]

=1,[2-3+3n%]+ 1,[1-3n?]
= [1_3n2][|3 - |1]

GM, G
So, |V a-= ot -3 ] - 1]
GM, G 1
S LU BIETE
GM,

V ~—

G
R +¥[|3 - |1]P2 (n)

NOTE: Here, one interesting thing I should mention that here expansion of V
is the gravitational analog of the multiple expansion of the electrostatic
potential of an arbitrary charged body. Here automatically n=1 term [ie.
P(n) | doesn’t come! Which tells us that there is only one sign of

“gravitational charge” and so there can be no” gravitational dipole moment”.

Further, the inertia tensor is defined analogously to the quadrupole moment
tensor. Therefore, the mechanical effects we are seeking can be said to arise
from the gravitational quadrupole moment of the oblate earth.

Among the two terms of the potential, 2" one only depends upon the
orientation of the body, & thus could give rise to torque. Let me denote it by

: G
V,, Le. |V, =?[I3 -1, 1P, (n)

Now, n is the direction cosine of OQ (with X, axes).

Here, X,,X,, X, = BODY FIXED AXIS

X,Y,Z = SPACE FIXED AXIS

Let, sun or moon is fixed at Q on Y axis. So, n is the direction cosine
between the figure axes of the earth ( X, axes) & the radius vector from the

earth’s centre to the sun or moon.
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X [Q= sun or moon]

So, n=sinécosn

V, = %[I3 - Il]%[Bsin2 @cos* n —1]

Now, according to the observation the orbital period is very rapid
compared to the precessional motion and for the purpose of obtaining the
mean precession rate it is adequate to average V, over a complete orbital

period. R can be assumed as constant & the only variation is in cos’7 as
changes continuously with fixed . Therefore,

V,) = %[I3 - Il]%[Bsin2 6(cos’ n) —1]
G 1., . 1 1
= E[|3 - II]E[?,sm2 0(5) -1 [85(COS” 17) gyera period = E]
G 1.3 2
= E[I3 - Il]E[E (1-cos® 0)-1] [@ be the angle between the normal to the
equitorial plane & normal to the ecliptic plane]
G 3 3
=——[I, - 1,][=-=cos’ 6 -1
2R’ =415 ]
G 1
=5 lls — LI (3cos 0-1)]

S0, (V) == %511, - L IRy (cos0)
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Let,

w = angular velocity of the earth due to rotation about its own figure axis (X,)

¢ = angular velocity of the figure axis (X,) about space fixed axes Z i.e.
it denotes the rate of the precession of the figure axis

4.9 = angular velocity of the earth due to nutation or wobbling up & down of
figure axis (X,) about space fixed axis Z

fig 13

Kinetic energy,

T=% lw? +% I, +%I3,a)32

=%Il(a)l2 +a)22)+%l3a)32

1 02 02 . 1 0 0 2
:§|1(0 +¢ sin 9)+EI3(1//+¢0056?)

So, Lagrangian of this is,

L=T —(U,) [Uzis potential energy corresponding to V]
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.2 .2 L] L]
:%Il(e +¢ sin? 6’)+%I3(1//+ $cosd)’ —U,)

So, the equation of motion corresponding to ¢ is

oL doL
00 dt 5,
.2 . . . .
= 1,¢ sindcosb + I3(W+¢cose)(—¢sin9)—%=%(I1¢9)

[we can ignore wobbling i.e. 49 0=0]

.2 .

=1, sianosH—Isgéa)ssiné’:M
00

)
= I1¢—sin fcosf — IJbsinﬁ:iM

s w, 00
:>—I3g;ﬁsin6=iM [asw3>>¢'5,so ¢_zo]

w, 00 o,

M .
= -1 ¢sm0—i[—G O (I, - 1,)(-6sin & cos &)
2

[M, = mass of the other object i.e. sun or moon]

3GM 3GM, -1,
= 0= cosd
¢ 2R ( I )

So, the rate of the precession of the earth’s figure axis i.e. rate of the
‘Precession of the Equinoxes’ is

‘ 3G Ia B I1 Mo MM
=——(—=—>=)cosd +—F
¢TOTAL 2&)3 ( |3 ) [RES3 REMg]

M = mass of the sun

M,, = mass of the moon

Rgs = distance between the earth & sun
Rgy = distance between the earth & moon

Where,

NOTE: One thing is that here I have used COS @ for case of sun as well as for moon, but actually
angle between the normal to the lunar orbit and the spin axis of the earth is not equal to &. As

the mean inclination of the lunar orbit to the ecliptic plane is small (~5.145"), so its effect is
negligible.
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Now,
G =6.67x10" Nm’kg

2
@ T 4% 60%60
x 60 x 60

2 3h
I, =M. R2(E+>—
s =MeRe (¢ 2RE)

2 3 h
I, =M.R2(=+>—
1 E E(5 4RE)

rads™* =7.27x10° rad s™

c 1 1
h  8R. 8 6.4x10°

— +2 x4
Re 15 h 15 11.12x10°

~3.24x10°°
cosé = cos 23 27"
M, = 2x10* kg
Res =149.6x10° m
M,, =7.38x10% kg
Rey =384.4x10°m
M,  2x10°
R’ (149.6x10°)°
M,  7.38x10%
Re®  (384.4x10°%)°

-11
L3XOOA0 ) 5 ot 10 xc0s 2327 (5.97x10%) + (1.30x10°)]rad 5

2x(7.27x107°)
=7.76x10"rads™

kgm= =5.97x10*kgm™

kgm= =1.30x10%kgm™

TOTAL

2r
—————sec
7.76x107"
27
= 12 ye
7.76 x10 7 x (365 % 24 x 3600)
~ 25675 years

Therefore,to completelcomplete revolutionit will take

ars

Therefore, the rate of the precession of the equinoxes is ~25675 years.
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C. PRECESSION OF THE BINARY PULSARS:

Before going to the main part of the calculation [ want to give a brief
description of the pulsars containing creation of the pulsars, basic
properties of the pulsars etc.

* U BIRTH OF THE STARS |

A star begins its life with the gravitational collapse of a cloud of interstellar
gas consisting mostly of ‘H” & ‘He’ that is momentarily cooler, denser, or
lower its kinetic energy than its surroundings. Compressional heating
raises the core temperature high enough to ignite the thermonuclear
reactions. At a temperature of about 107 K, a nuclear reaction begins
converting hydrogen into the next heavier element, helium, and releasing a
large quantity of electromagnetic energy. This energy produces a thermal
pressure which tries to expand this gravitational system.

Eventually, however, a significant fraction of H in the star’s core is
exhausted & there is no longer enough thermonuclear fuel to create the
thermal pressure to balance self-gravitational attracting force responsible
for gravitational collapse. So again gravitational contraction resumes.
Again, heat generated due to this compression raises the temperature until
the reactions which burn He to make other elements ignite. So eventually a
significant amount of He will be exhausted, the core will again contract, and
a new stage of thermonuclear burning will be initiated.

In this way produced thermal pressure from nuclear fusion reaction
balances gravitational attraction. Due to these countervailing forces the
system is in ‘near equilibrium’. This gravitational system is called ‘STAR’.

® | DEATH OFTHE STARS |

Two most important properties governing ordinary stars:
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a) Ordinary stars are self-gravitating system and so have to be hot
inside to sustain thermal pressure that resists the inward pull of
gravity.

b) Space, outside of the star is comparatively dark and cold. Therefore,
according to the laws of thermodynamics heat flows continuously
from the star to the outside region. So the pressure due to heat
generated from nuclear fusion reaction decreases. Therefore, due to
self-gravity again it will contract which generates pressure. So
pressure does increase. The star gets hotter & hotter.

In this never-ending struggle against gravity and the 2nrd law of
thermodynamics, nuclear energy sources can only provide the
temporary respites.

As the time goes on, the star burns hotter and hotter, & so ignites
heavier elements which accumulate in the core. Eventually
electromagnetic pressure becomes less and less effective against
gravitational collapse because when the core has reached the carbon
rich phase, the temperature is still insufficient to fuse carbon into iron.
Even if a star has reached at sufficient temperature to create iron, no
other nuclear fusion reactions producing heavier elements are
exothermic and the star has exhausted its nuclear fuel. So when the
nuclear stores of energy have run out, the star faces an inevitable end to
its brilliant career. The star collapses due to self-gravitational force.

He

Na/Mg/0

‘ DISTRIBUTION OF MATTER OF A PRE-SUPERNOVA STAR \
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In the case of big star, this collapse leads to a supernova explosion, while
the collapse of smaller stars is much less violent. So, death may come by a
violent explosion or it may come more quietly, in a lingering slide toward
darkness. But violent or lingering, death is as inevitable for the stars as for

us.

In the war between self-gravity and thermodynamics, what ending lie
ahead for stars? Astronomers believe four possibilities -

FOUR POSSIBILITIES

1. Nothing may be left; if the explosion is sufficiently violent, all the
matter may be dispersed effectively into interstellar space. This
would represent an ultimate victory of ‘Thermodynamics’.

2. ‘Black hole’ may be created. This would represent the ultimate
victory of self-gravity.

3. A degenerate ‘White Dwarf may be left.

4. ‘Neutron star’ may be created.
‘PULSARS’ are actually rapidly spinning magnetized neutron
stars having proper magnetic dipole orientation.

REMNANT PROGENIT- REMNANT SIZE DENSITY | MEANS OF
OR MASS MASS SUPPORT
WHITE | M, <8M, Myp <14M, @ | R ~Roen, | 1ton/cm® | e’
DWARF degeneracy ©
NEUTRON | 8V, <M, <20M | 14V, <M <3W,| R,s ~10km | 200 n'
STAR milliton/cm?®| degeneracy
BLACK M, >20M_, | Mg, >3M, Rgy =0 0 none
HOLE 2GM
RSCH = Cz

As ‘Pulsars’ are believed to be the rapidly rotating magnetized neutron
stars having some other specific properties, so let me first describe
‘Neutron Stars’.

81.4M_ = M orasekiar -Subrahmanyan Chandrasekhar first (1930) calculated the max mass (
1.4M ) for a white dwarf.

91 will describe later what is meant by ‘degeneracy’.
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® | NEUTRON STARS = PULSARS |

When the nuclear fuel inside the star is reached in iron state, the star is no
longer able to produce energy in the core via further nuclear burning
process as iron is the most tightly bound nucleus. Nuclear reactions will
continue, however, because of the extremely high temperatures in the
massive star’s core. These further reactions have a devastating effect on the
star, because they take energy out of the core. At such high temperatures
and densities the gamma-ray photons present in the core have sufficient
energy to destroy the heavy nuclei produced in the many stages of nuclear
reactions, e.g. :

7+ ®Fe - 13"He + 4n

This process, called photodisintegration undoes the work of a stellar
lifetime in the core and removes the thermal energy necessary to provide
pressure support. The result is a catastrophic collapse of the core, which
cannot be halted until the core has shrunk to a size of about 10 km and a
density of the order of 200milliontons/cm3-Under such extreme conditions
electron degeneracy cannot support the stellar core, and the free electrons
are forced together with protons to form neutrons:

.
p e —>n+v,

The neutrinos, which escape directly from the core, result in further energy
loss and even faster collapse. When the core has collapsed down to a size of
about 10 km, neutron degeneracy sets in causing the core to stiffen and this
neutron degeneracy pressure can balance the inward gravitational pull.
This newly formed stable astronomical object is named as ‘Neutron Star’ as
it is mainly formed by ‘neutron’.

NOTE: DEGENERATE PRESSURE - Degenerate pressure is a quantum mechanical

effect, a consequence of the ‘Pauli’'s Exclusion Principle’ and ‘Heisenberg’s Uncertainty
Principle’. According to the exclusion principle two fermions can’t occupy the same quantum
state at the same time. In case of very compact object electrons are squeezed too closely
together, they can’t be distinguished by their position, and the exclusion principle requires them
to have different energy levels. The number of available low energy states is too small and many

electrons are forced into higher energy states. Also as they are now very compact, so we can say
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7
an electron’s position is well defined. Therefore, since |AXAp, ~ 2 (Uncertainty Principle), then

we must say that their momentum is extremely uncertain since they are located in a very
confined space. So, the electrons must be moving with a very high velocity on average. These
correspond to a very high pressure named as ‘electron degenerate pressure’. It has the following

important properties:

¢ Pressure is independent of the temperature, so the pressure doesn’t go down as the
star cools.

+ Compression does not lead to heating.

Electrondeg eneracy pressureinamaterial canbe computed as

222
Pe = 4”—7kl5/3(§)2’3(£)5’3 [Non — relativistic formula]
20m,m > 7 7

where,

h = Plank 'scons divided by 27
m, = mass of theelectron

m, = mass of the proton

p = density

1 = protontoelectron mass ratio

At common density it is so low that it can be neglected.

It is the force that supports white dwarf against their self-gravity. If the star is more massive, it
is possible to absorb the electrons into nucleons, converting proton into neutrons. If this
process is going on continuously then the electron degenerate pressure can’t able to support
against self-gravity. So the star starts to collapse. But now ‘neutron degeneracy pressure’ starts
to play. This gravitational collapse becomes stop when this pressure becomes sufficient to

balance the self-gravity. This force supports neutron stars against their self-gravity.

.

% DISCOVERY: As with many things in astronomy, the discovery of the
‘Pulsars’ came in unexpected fashion. In 1967, Cambridge graduate
student Jocelyn Bell and Anthony Hewish were using a special radio
telescope to look for radio scintillation, fluctuations in the signal from
distant radio sources. On November 28, Bell discovered a source with
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an exceptionally regular pattern of radio flashes. These radio flashes
occurred every 1.33728 seconds. The period was extremely precise,
with a variation of no more than 1 partin 10 million. They puzzled by
thinking what sort of object could produce such an extremely regular
pattern of radio flashes. Some speculated that the sources might
actually be beacons set up by a distant extraterrestrial civilization, and
so the sources were initially known in some circles as "LGMs", for "Little
Green Men". After a few weeks, however, three more rapidly
pulsating objects were detected. After that they were named as
‘PULSARS’.

INANNN

% Characteristics of the pulsars :

1. These are comparatively very small astronomical objects
(diameter ~10-15 km).
The sharpness of the radio pulses emitted by the pulsars suggests
that they must be very small objects, may be about 10-15 km in
diameter. If the object were larger, radio waves emitted from more
distant regions of the pulsar would arrive after a long time than those
emitted from nearer regions, which denotes the spreading of the
pulse.

2. Pulsars are actually neutron stars.
The pulse period (small) indicated that the objects are spinning
rapidly. The rate of rotation implies an object of stellar mass, as
anything lighter will simply tear itself apart due to very strong
centrifugal force. The only thing that can meet such constraints is a
neutron star due to its strong self-gravity. But it also has an upper
limit of the mass. As a neutron star becomes more massive, it must
become stiffer to maintain itself, and the speed of sound through the
star increases accordingly. Above three solar masses, the speed of
sound exceeds that of light, which is ruled out by Einstein's theory of
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relativity. So it can’t have mass greater than three solar mass.

3. Pulsars are spinning very rapidly.
While neutron stars are created from the main star, then volume
becomes enormously less than that of original stars. So according to
the conservation of angular momentum spinning rate should
increase accordingly. So the spinning rate becomes very high. A star
like the sun, rotating once per month would rotate about 1000 times
per second when contracted down to 10 km in size.
Astronomers also believe that there may be an effect of the off-centre
kick on the neutron star after supernova explosion.

4. The pulsars are also very hot up to a 10° or a million K.
The surface area of the pulsars is very small relative to its mass,
and so the energy trapped during its formation can radiate away only
very slowly. So it is very hot.

5. Pulsars have extraordinary intense magnetic field (~10? gauss).
The "pulses” of high-energy radiation we see from a pulsar are due to
a misalignment of the pulsar’s rotation axis and its magnetic axis.
Therefore, the magnetic field is rotating around its spin axis, so
according to Maxwell’s Electromagnetic Theory it generates an electric
field. Due to this immensely strong electric field all charge particles -
electrons, positrons etc are experienced a strong electrostatic force, also
moving charge particles are experienced magnetic force. Therefore, it
sets up an immense flow of electrons, positrons, and ions over its
surface and scatters them into space. This flow of charged particles is
known as the "pulsar wind", analogous to the "Solar wind" emitted by
our Sun. Most of the charged particles coming out of the pulsars move
out through the two magnetic poles of the pulsars due to a velocity
component of the charged particles along the magnetic field. This
phenomenon is called ‘dipole radiation’.

Now as charge particles are accelerated so they radiate electromagnetic
radiation all along the electromagnetic spectrum corresponding to their
frequency. Again when generated gamma ray passes through electric
field, pair production can be occurred which again produce radiation by
the above process.

Pulsars pulse because the rotation of the neutron star causes the
radiation generated within the magnetic field to sweep in and out of
our line of sight with a regular period.
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But why it has such a strong magnetic field?? One obvious reason is
that conservation of magnetic flux. According to which as the core
collapses the magnetic field lines are pulled more closely together,
intensifying the magnetic field to values of the order of 1012 gauss.
Astronomers believe another possible reason which may the
microscopic source of high magnetic field. They believe that inside
the pulsar charged particles may be in superconducting state
which is responsible for high current density and for which high
magnetic field may be created.

Radio emission

Radio emission  AXis

of rotation

i

A DIAGRAM OF A PULSAR SHOWING ITS ROTATION AXIS,
ITS MAGNETIC AXIS, AND ITS MAGNETIC FIELD
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6. Due to dipole radiation pulsar continuously loses energy so it gradually
slows down. The rate at which the spin of a pulsar slows down
indicates its rate of energy emission, and even though the beams are
intense they only account for a small fraction of the energy emission
of the pulsar. Most of the energy emission is likely in the form of the
pulsar wind and other unseen radiation. After about ten million years,
the pulsar slows down and no longer has enough energy to emit pulses.

Therefore, a pulsar is a fast-spinning, highly magnetized neutron star,
formed (in most cases) in supernova explosion, that sends out regular
directional pulses of radiation as it rotates, in the manner of a lighthouse
beam; the pulsar effect is seen if the beam happens to sweep in our
direction. At first pulsars were found in radio wavelengths but after that X-
ray, optical-ray, gamma-ray pulsars have been found. Examples of some
pulsars:PSR-1919+21, PSR-B1919+21 and PSR-J1921+2153.

e | PULSARIN BINARY SYSTEM |

In astronomy binary system means there are two astronomical objects
those orbit around a common center of mass.

So, ‘binary pulsar’ is a pulsar in a binary system i.e. it has another
companion star to it, often another pulsar or white dwarf or neutron star.
The first binary pulsar, PSR 1913+16 or the “Hulse-Taylor binary pulsar”
was discovered in 1974 by Joseph Hooton Taylor and Russell Huls.

In a binary system if one of the objects is a massive compact star such as
neutron star and the other is a normal star, then neutron star can pull gas &
dust off the normal star due to its powerful gravitational field and accrete it
onto itself. Since the stars are revolving around each other and since
angular momentum must be conserved (ignoring the effect due to other
astronomical objects on these), this gas & dust can’t fall directly onto
neutron star, but instead spirals in to the neutron star. Thus material
flowing from the normal star to neutron star piles up in a dense spinning
disc orbiting the neutron star. This disc is called ‘accretion disc’. The
material in the disc becomes very hot due to friction and being tugged on
by neutron star & eventually loses angular momentum and gradually falls
onto the neutron star. Since this hot gas is being accelerated it radiates
energy, usually in X-rays. Since the gravitational pull on the material is the
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basic source of energy for this emission, these pulsars are often called
“accretion powered pulsars”.

The pulsar and its companion both follow elliptical orbits around their
common center of mass. Each star moves in its orbit according to Kepler’s
Laws; at all times the two stars are found on opposite sides of a line passing
through the center of mass. In case of binary pulsar PSR 1913+16 the period
of the orbital motion is 7.75 hours, and the stars are believed to be nearly
equal in mass, about 1.4 solar masses. The minimum separation
at periastron is about 1.1 solar radii; the maximum separation at apastron is
4.8 solar radii. A star in an elliptical orbit will move slower when it is at
apastron than when it is a periastron. In an eccentric orbit such as that of PSR
1913+16, the radial velocity varies from a minimum of 75 km/sec to a
maximum of 300 km/sec.

Orbit of a Binary Pulsar

ﬂpastrnn Periaztron

Periaztron

ﬂpastrnn Periaztron

One of the most important features of the discovery of binary pulsar system
is that it provides a powerful test of the predictions of the behavior of time
perceived by a distant observer according to Einstein's General Theory of
Relativity. When they are closer together, near apastron, the gravitational field
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is stronger, so that the passage of time is slowed down -- the time between
pulses (ticks) lengthens just as Einstein predicted. The pulsar clock is slowed
down when it is travelling fastest and in the strongest part of the gravitational
field; it regains time when it is travelling more slowly and in the weakest part
of the field. So it gives us an experimental verification of Einstein’s Theory of
General Relativity.

The theory of general relativity predicts that masses being accelerated by
gravitational field should emit “gravitational radiation" in the same way that
charged particles (like electrons) emit electromagnetic radiation when they
are accelerated. So according to this theory binary pulsar system should
radiate gravitational waves. Thus system will lose energy gradually as orbital
energy is converted into gravitational waves. This leads to the shrinking of the
orbit. In 1983, Taylor and collaborators reported that there was a systematic
shift in the observed time of periastron relative to that expected if the orbital
separation remained constant. This actually confirms the prediction of
Einstein.

> ’ MATHEMATICAL APPROACH & TOOLS \

For further calculation I will follow the ‘Schwinger’s Source Theory’
approach. This theory is basically a theoretical description of particle
interaction unlike geometrical viewpoint of the ‘Einstein’s Theory of
General Relativity’ based on the assumption of the existence of a spin 2
massless particle named as ‘graviton’ acting as the mediator of the
gravitational force just like massless spin ‘1’ particle named ‘photon’ in
case of Electromagnetic force, massless spin ‘1’ particle named ‘gluon’ in
strong force and W & Z bosons for electroweak force.

Here why we require massless particle that can be estimated using simple
arguments based on the uncertainty principle. The amount of energy
required for the exchange of a force mediating particle is found using
Einstein’s mass-energy equivalence principle as

Now how long the particle can exist that can be calculated using
uncertainty principle. That is

h h

A~ RE " me?

The special theory of relativity tells us that nothing can travel faster than
the speed of light. So, we can use the speed of light to set an upper limit on
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the velocity of the force-carrying particle, and estimate the range it travels
in time At, that is,

Ax=CAt=-" -1

mc- mc

For Ax— oo (as gravitational force is an infinitely extended force), m=0. So
graviton must have zero rest mass. [This above logic is not applicable for
strong force]

Also graviton can’t have spin 1 because there is a fundamental difference
between electromagnetic force and gravitational force. That is
electromagnetic force can be attractive as well as repulsive but
gravitational force can only be attractive. So, there should be a
characteristics difference between photon and graviton. So, graviton can’t
have same spin as that of photon. Also graviton can’t have spin 0. This
reversely can be verified. If we assume it has zero spin then we will see
light can’t be bended near a heavy object. But it is experimentally verified
that light indeed bends near a heavy object. So, graviton can’t have zero
spin.

This theory is very much analogous to the electromagnetic theory. In this
theory there is existence of force & the space-time remains flat unlike
Einstein’s theory of general relativity where there is nothing called force &
space-time can have any curvature. In Einstein’s theory mass can change
the curvature of the space-time and the bending of light near a heavy object
including other phenomena (which we think that are happening due to
force acting on the object) are the consequence of the curvature of the
space-time. Curvature of the space-time near a gravitational body is
proportional to the mass of the body. Therefore, light bends more near a
heavy object. This is equivalent to the argument that a massive body exerts
more gravitational force on other body including light.

By using this theoretical approach the precession rate of gyroscopes in
gravitating system can be calculated which does agree with the
experimental observation.
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> ‘ PRECESSION OF THE GYROSCOPES IN GRAVITATING SYSTEM

Suppose there are two bodies having mass ml& m, respectively and

R12 = distance between the centers of the two bodies

r =position vector of one (arbitrary) of the constituent particles of the 1st
body respect to a chosen origin

r'= position vector of one (arbitrary) of the constituent particles of the 2nd
body respect to the chosen origin

G = universal gravitational constant

E = gravitational interaction energy

T4 (r) = total energy-momentum tensor of the ‘I'th particle having position

vector r

T.(r) = trace of the total energy-momentum tensor of the ‘Y’th particle

having position vector r

Then according to the source theoretic description of the gravity
gravitational interaction energy between the ‘i’th particle (of the 1st body

and it has position vectorr)and the ‘j’th particle (of the 2nd body and it has
position VectorF'),

£, =G| %Pﬂ‘”(ﬂﬂ W (D) =TT, | [#&v=0,1,2,3]

Trace, [T =T —T%| k=1, 2, 3]

The above equation is valid when recoiling effect is negligible.

Due to universal coupling of gravity to all energy-momentum tensor we
can’t neglect interaction between gravitons themselves. So, T, is the total

energy momentum tensor of the ‘i’ th particle, i.e.

uv T uv uv uv
T =T + T +1§
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Where, i denotes the 'i' th particle, j denotes the j th particle and ‘G’
denotes the gravitational field.

Therefore, the corresponding total gravitational interaction energy is
(a) Interaction energy between i th particle & j th particle = E
(b) Interaction energy between i th particle & gravitational field(G)=
E

iG
(c) Interaction energy between i th particle & gravitational field(G)=
E

iG
Here I'll consider only interaction between i and ji.e. E;

Now, for a system of particles Zmi energy-momentum tensor is given by
i

T (r)= Z%“’) (r—r ()

Where, P* = x4 th component of the 4-momentum of the i th particle
E, = total relativistic energy of the i th particle = P° (i.e. velocity of
light in vacuum, c=1)
r(t) = position vector of the i th particle at time t respect to the
chosen origin

0® = delta function in 3 dimension

And the trace is given by

UGS RLICET0)

Now, as our main assumptions are negligible recoiling effect and
negligible retardation effect, so we must have to choose one of the bodies
much more massive than other. So, let me assume |m, >>m,| such that m

can be assumed almost stationary compared to m,.Also, let me assume m,

as well as mz are point particles and m; is situated at the origin of co-
ordinate system i.e. Fl(t =0)=0& Fl(t) ~ 0. Therefore,
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T () =6 - )

1

BB

S50 ()
El
Pl,Ué‘,uO PlvéwO @ = -~
=0 () [ast, (1)~ 0]
1
PO 2§y0§v0 N )
=(1)E 5(3)(I‘) [|310=E1=Vm12—|—p1=m1
1

aslinear momentum p, = 0]

T/ (r) =m5°5"°6 (1)

and,
T,(r) =T, (1) -T,°°(r)

=0- -I-loo (F)
T,(r) =-m,6°(r)

So, the interaction energy between particles m and 21d body,

@pd® . L
- ﬂd rd r[2Tl’”(r)T2W(r')—Tl(r)Tz(r')]

r—r

) B) et R . = _
:_GJ.J.d rd“'r [2m15ﬂ05v05(3) (r)'l'2 o (rl)_Tl(r)Tz(ru)]

o

(3) (3)

:-ijd "L 2mT, o (F)+ mT, ()16 ()
r—r'

~Gm Jdﬁ [2T, 00 () + T, ()]

d®r — — —
=_Gmlj = [ZTz oo(rl)+T2 kk(rl)_TZ oo(rl)]
@ ~ B
= _Gmlj‘?l-TZ 00 (M) +T, ()]
d®r' - -
==Gm, [ === I (1) T, ()
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d®r:

[asT2°°=("’El5<3>(r r,(t) = 25<3’<r —1, ') = E,0®(r' -1, '(t)]

==Gm, [ S B0 (- (OFS 5<3’<r -5 ()]

2 2
©) 2 -
-G~ L G
e
_ Gm, [E, + P2 p
r,'(t) E,

Gm —p>2 —p*Z —p>2
= m, 1+ 22 % P14 22y )
r, (t) m, m, m,

Gm I
~ ———[m,(1+ pzz)+&_p_23
‘rz (t)‘ 2m;” m, m,
. Gmm, " 362 ]
"o
E, """ ~ — GnF: il 1+ :pzz +...] [where,‘E’(t)‘:Rlz=distancebetweenthecenters
12

of thetwo]

Here, from the above equation it is clear that this interaction energy is
actually different from that of Newtonian gravity.
Gmm,

R12

E Newtonian __

So, here we get some extra terms which are actually responsible for many
interesting phenomena including precession of the spin axis of
astronomical body.

Now, let me consider the general treatment including recoil:

Previously [ got ~ E,"" "™ ~ - G, [1+ 3, +...] [excluding recoil]
R, 2m?

If we take the recoiling effect into account then the extra terms which we
will get are due to the motion of m1. It comes as
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e L ~_Gmym, [1+§v22 +gV12 —ng-VZ _%WL

12

n

Now, suppose m: is perfectly spherical in shape and spinning respect to
its own axis passing through the center. The energy-momentum tensor
for such a system is

PP’ I
T, " = Z—’E Ls®(r-ry) [ j denotes jth particleconstitutingm, i.e.> m, =m,]
i B ]
T2 =Y E69(r-rj)
j

PP .-
T, :Z—'E' 5O (r—ry)

j i

2
TXk = 2%5“’ (r-r,)

]

p? .
T,°+T,* =D [E, +?]5(3)(r—rj)

J
3 —
:Z[mj+5mjvj +..]
3 - = -
= JLp(n)d @i+ p()d V(en + 0x17)’]

[ for continuous system]
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E, =-Gm jd‘ )‘r ) Tzkk]
_ GmJ' ﬂ [I[p(ﬂ)d(3>n+ p(ﬂ)d(3)77(ch+a)><77) ]5(3)(', )

[Ven = Velocity of the center of mass of the 2nd body respect toorigin]

1

|

3 - -
==6m, [[p(n)d “n + p(n)d O n(Ven +@x 1)’

1

3 .
==6m, [[p(1)d“n +p(m)d n(Ven + 0x7)* I

ﬁf?

_ (3
Gm, [[p(r)d ~

=]

~=Gm, [[p(n)d“n=- p()d“n 377 1- Gmljgp(n)d e +Nen . (@x77) + (@x17)°]

1R77

m R (- 3 R.7
— -G~ [idm,]-Gm, [ p(n)d =~ pn)d

R
[ch +2\70m(Z)XT;)+(g)X7;)2]
~ Gmm, 31- 2 3-

VR 1 o
= —T—Gml[EEch m, —Ech Ej‘ﬂdmz +3E(ch X a)).[ndmz -

3% [ 0)d O Ven x @) HR T} +..

Gmm, 3Gmm, Ve _3Gm,
B E— IP(U)d(3)77{(ch><w) nHR.}+ ..

Elnzon—recoil (Spln) - _

Opf{(ven x 0).n{R.7}  [neglecting higher order terms]

3Gm, - = =2
= Wen x@).RIZ [0 p()d V1]
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3Gm,

= 2R3 (RxVem). !, [I, = moment of inertiaof the2nd body
respect to any axis passing throughits center]
E[5" " (spin) = — 3m1 (L2.S2) [S2 = spinangular momentum]

If we now take recoiling effect into account then it comes as,

E/2" (spin) = 2Gm,

(ﬁx\?l).gz

R3

G —~ — =
—_“2 (RxP).S,-
e (RxP)-S2 2R*m,

71| M-

2R3mlz (RmeVQ).Sz

3Gm ™ RxP).S, [asvi =t —i&(/z:&:i]
ml ml m2 m2

e pin) =G 2+ 3m, i G x;).sz
[L. = orbital angular momentum of the 2nd body]
_ G2+ 3m, 3myyL,.S2 L Sz
m2
SPIN PRECESSION:

Equation of motion of S

OISZi—{s H}
dt - 2 i

[ for any function f (q, p,t)
df  of aqu afdp

dt ot ath apdt
_of of oH of oH

T ot oqop op oq
£=ﬂ +{f,H}

dt
aSZ i
here,

= 0]

43 |Page

H = Hamiltonian of the system



So, due to gravitational spin-orbit coupling, the spin vector of an orbiting
gyroscope will precess around the normal to the orbit which is given by

ddStz = O precession X S2 [Q, = angular velocity of 2nd]
where,
—non-recoil 3Gml —
recession = L c=1
o 2R°m, [e=1]
—recoi 3m —
Qze(:)?'elcession =G (2 + L )i3 L2 [C = 1]
, R
—non-recoi 3Gm, - 1
2 precessilon = Tl L - [c= 3x10%m Sil]
m, c
ﬁ;e(;:)orielcession = G(2 + 3m1 )is[z iz [C =3x10°m Sil]
2m,” R c

abovetwo results are obtained by assumingm, >>m,

&only 2nd body is spinning respect to its own axis.

N

RELATIVISTIC SPIN —ORBIT COUPLING

For sun-earth system

Assumption:

1) only earth (m; ) is spinning
2) Earth is perfectly spherical in shape

Then also the spin axis of the earth does precess around the normal to the
ecliptic with above frequency whereas according to Newtonian Gravity this
shouldn’t precess at all under above conditions. Frequency of this
relativistic precession due to spin-orbit coupling is

i 30
Cponeion (EARTH) = 6.67x107 4[24 —(2107) 5 1
2 (5.98x10%)" (149.6x10°)
1
5.98x10%)(29.8x10°) ———
AT IEEA ary!

[Ve = 29.8x10° ms™andassuming & ~ 90°]
=2.96x10 " rads™
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Therefore, to complete one complete revolution around the axis
perpendicular to ecliptic spin axis of the earth will take

27
2.96x107
27

~ 2.96x10 * x (365 x 24 x 3600)

=6.73x10" years

Time period = 6.73x10’ years

=

years

RELATIVISTIC SPIN —ORBIT COUPLING

NOTE: Here I haven’t taken the effect due to moon into account because to apply above formula

the condition m; >> m, should be satisfied, whereas in case of moon the mass of the moon is less

than that of the earth.

Binary pulsar system

Above equations are also applicable for binary star system only when one
of the stars is very massive compared to the other. But if in a binary system
two stars have almost same mass (e.g. PSR J0737-3039A/B binary pulsar
system) then we need a small modification of the above formula that is

—recoil

QZ precession (DOUbIe pUIsar) = G(2 +

whenonly 2nd body is spinning respect toits own axis.

1

C2

Sm, mm,_ 1g.3,

o ) R [c=3x10°ms™]
2 1+ 2

N

RELATIVISTIC SPIN —ORBIT COUPLING
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o2 mocession (PSR1913 4 16) ~ G(2 + E) m Rzl v, [Hz% & m ~m,=m]
30
_6.67x10 H Ly 2AX 207 L — —x75x10° rads™
2 2 (4.8x6.955%x10°)°(3x10°)

[at APASTRON position R ~4.8R, v, ~ 75kms™]

=2.44x10" rads™

27
2.44x107" x (3600 x 24 x 365) y
~ 8153 years

Therefore time period of precession =

N
AT APASTRON POSITION OF PSR1913+16
—recoil m 1 T
€22 precession (PSR1913+16) G(2 +—) > R’ — 5V [9 ~ E & m ~m, = m]
30
=6.67><10’11><Z><1'4XZX10 1 x300x10° rads™

X
2 (1.1x6.955x10%)? (3x10°)?
[at PERIASTRON position R~1.1R, v, ~300kms™]
=1.86x10" rads™

Therefore time period of precession = 27 years

1.86x10° x (3600 x 24 x 365)
~107 years

i
AT PERIASTRON POSITION OF PSR1913+16

Therefore, average time period of the precession of the spin axis of the
pulsar is ~4130 years.

e |SPIN-SPIN INTERACTION]|

There is another type of effect which is spin-spin interaction. When both
of the objects spin with respect to own axis of symmetry then this
phenomena comes into account. This also leads to the spin precession.

E,, (spin— spin interaction) = %[3@1 R)(S2.R)—(51.52)R?]
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Therefore after taking both effects into account the angular velocity of the
spin precession becomes

=[G(2+ 1) 2_Rx v2—]+[—{3(sl,R)R R2S,]
2m,” m +m,

and

§1=[G(2 o ) Rx V1 2]+[—{3(52 R)R-R?S;]

1+m2

D. [CONCLUSION

Therefore, in case of sun-earth system

T EARTH

Ay~ 25675 years = 2.57x10* years

EARTH 7
TreLamvistic = 6.73x10° years

Therefore, < |EFFECT DUETOSUN

EARTH
T

LRSS 262,10

NEWTONIAN

the Newtonian precession is dominant over general relativistic effect.

Another thing is that I can apply the general formula

ﬁge;?’:cession G (2 m —m1m2 —ﬁ X 02 Ci [C =3x10°m Sil]

whenonly 2nd body is spinning respect toits own axis.

fl

RELATIVISTIC SPIN —ORBIT COUPLING

to calculate the effect due to the moon on the spin axis of the earth.
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: 2 2 24
QEAR'II'H precession ~ 6.67 x107[2 + 3X7'38X1024][ (7'38><1(32 )(5.98x10 22
2x5.98x10% "7 (7.38x10%) + (5.98 x10™)

1 29.8x10°
(384.4x10°)* (3x10%)°

=22x10"" rad s™

]

[assuming & ~ 90°]

Therefore, corresponding time period

TR e #9.06x10° years| < |EFFECT DUETO MOON

Time period is 100 times larger than that of the sun which is expected due

to heavy mass of the sun (& ~10%).

moon

For binary pulsar system

PULSAR -
TeeLanvistic = 4130 years

though according to Newtonian gravity the spin axis shouldn’t precess at all
if we assume them as perfectly spherical in shape then also this does
precess around the normal to the orbital plane. If in a binary pulsar system
each of them is a pulsar and both have comparable mass then spin axis of
both pulsar precess around the common normal to the orbital plane.

Another point is to be noted that relativistic rate of precession of spin axis
of pulsar is far greater than that of earth which is expected.

Though to figure out the precession rate I have taken some approximations
then also the results I obtained are very much closed to the observational
outcomes. I have assumed the earth-sun as one isolated system i.e. there is
only existence of mutual gravitational force between earth & sun, but
actually there is gravitational force acting on sun as well as earth by other
astronomical objects present in the rest of the universe since gravitational
force is infinitely extent. As sun is too massive compared to other
astronomical objects present in the solar system, so the center of mass of
whole solar system is lying inside the sun very closed to the center of the
sun and the orbital velocity of the sun is almost negligible compared to that
of other objects in solar system. So the non-recoiling approximation is a
good one for this. But in case of double pulsar system this is not a good one
because here both have comparable mass, so the center of mass of the
double pulsar system actually lies almost at equal distance from two.
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Therefore both have almost comparable velocity. Another point is that
throughout the calculation I have neglected the retardation effect. I have
used same time in r(t) and r’(t) which denotes they interact
instantaneously but according to theory of relativity no signal can
propagate faster than the speed of light in vacuum. So actually I neglect the
time taken by gravitons to reach at another body from one. But near the
binary pulsar system this effect actually plays a major role due to heavy
mass of pulsar.

The source theory approach actually can describe many phenomena
successfully but based on which this theory actually develops is not
experimentally found, that is GRAVITON. Here though the geometrical
complication like Einstein’s theory of general relativity is absent but it
doesn’t give us much information regarding ‘time’ which plays a vital role
in GTR. Therefore, though it is comparatively easier to handle this approach
than GTR but this is actually lack of notion of ‘time’.

Therefore, through this project the important message which I want to
deliver is that the notion of the torque & so the precession in Newtonian
Mechanics is not sufficient to describe some natural phenomena, instead
torque can be present due to some different reason, that may be spin-orbit
coupling or may be spin-spin coupling and so the precession can be
occurred though Newtonian gravity says this shouldn’t occur at all!!
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